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Oscillatory behavior of nanodroplets

S. Arcidiacono and D. Poulikakbs
Laboratory of Thermodynamics in Emerging Technologies, Swiss Federal Institute of Technology, ETH Zentrum, Sonneggstrasse 3,
CH-8092 Zurich, Switzerland

Y. Ventikos
Department of Engineering Science, University of Oxford, Parks Road, Oxford OX1 3PJ, United Kingdom
(Received 13 February 2004; published 29 July 2004

Molecular dynamic§¥MD) simulations were performed in order to investigate the phenomenon of free
oscillations of nanodroplets and the extent to which the continuum theory for such oscillations holds at
nanoscales. The effect of temperature on these oscillations is also studied. The surface tension, a key property
for the phenomenon of interest, was evaluated and compared with the experimental values of argon, showing
that with an appropriate choice of the cutoff distance in the MD simulations, it is possible to predict the surface
tension with good approximation. Nanoscale capillary waves on the free surface of the droplet were observed
and compared to continuum theoretical predictions of the same. The nanodroplet interface thickness calculated
based on continuum theory for these waves agreed well with the molecular dynamics calculation of the
interface thickness. The frequencies of the oscillation of the droplet were calculated for all the studied tem-
peratures and compared with the classical continuum theory. Although the simulated system cannot be con-
sidered strictly as a continuum, a good overall agreement was found.
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. INTRODUCTION A= Age ! 2

The problem of oscillating liquid drops is relevant to sev- whereA is the amplitude of the droplet oscillatioA, is the
eral scientific fields and practical applications, such as clougame quantity, but in the inviscid limit,is the dimensional
physics, containerless processing in low gravity, collisiontime, andb, is the damping coefficient defined as follows:

coalescence, and break up of droplets in sprays, chemical b= (n-1)(2n+ 1) y/R2 3)
processes, and measurement techniques of interfacial proper- " '
ties. The latter is a constant not depending on the restoring force,

There is a rich literature on this subject for droplets de-but only on the size of the droplet and its viscosityChan-
scribed by continuum theory in all theoretical, numerical,drasekhaf3] later obtained more general results for a vis-
and experimental domains. We report briefly select key reeous spheroid. Prospereftl] presented a theory for a vis-
sults directly relevant to the present work. cous drop under infinitesimal amplitude oscillations. This

Lord Rayleigh[1] investigated mathematically the nature analysis predicts that the system behaves as a damped oscil-
of oscillations of an inviscid liquid drop and assuming smalllator which, when viscous effects are small compared with
deformations. Neglecting the effect of the surrounding gasthe inertial ones, is characterized by a natural frequency
the natural frequency of a free droplet of radiRssurface (wﬁ—bﬁ)l’z. The analysis predicted also a transition from a
tensiony, and liquid densityp;, can be evaluated by periodic to an aperiodic decay as the viscosity increases,

while for certain ranges of the parameter 1/Re, it is also
possible to have an aperiodic oscillation that evolves into
2_ Y periodic.
Pn= legn(n Dn+2). @) Nonlinear effects due to moderate amplitude oscillations
of an inviscid droplet were considered by TsamopoyTidS)
o ) ) and Brown[5] extending Rayleigh’s analysis to second order
The fundamental oscillation mode in E(,) is correspond-  for certain combinations of mode coupling. Their analysis
ing to n=2 whereas=1 relates to a rigid spheroid. Subse- pregicted for the second oscillation mode a shift of the os-
quently, Lamb[2] studied the effect of small viscosity, i.e., cjllation frequency with the increasing of the square of the
Re=1/m(Rylp)¥?>1, where Re is the Reynolds number. jnitial amplitude of the oscillatior:
With this hypothesis the frequency of the oscillation is the
same as in Eq1) while the amplitude is damped exponen- w5 = wy[1 - 0.6387&% + O(A%)]. (4)

tially as follows: Becker, Hiller, and Kowalewskj6] studied, both theoreti-
cally and experimentally, the oscillations of a free droplet
generated from a break up of a liquid jet. They found that the
*Corresponding author. frequency shift decreases with the square of the oscillation
Email address: dimos.poulikakos@ethz.ch amplitude as predicted ifb], but with a larger rate and with
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variations for different generated droplets depending on thélejandre [13] who compared previous findings with their
initial internal flow field inside the drop. calculations for the surface tension evaluation of a planar
The study of a realistic configuration, including nonlin- film via MD and Monte Carlo simulations. They showed that
earities of viscosity and large oscillations, requires solvingdifferences found by diverse authors in surface tension
the Navier-Stokes equations numerically. Basafahper-  evaluation were due to the potential used, shifted or non-
formed a rigorous numerical study using a Galerkin/finiteshifted, and mainly to the assumed cutoff radius. They con-
element technique for large oscillations of viscous drops andluded that different methods are giving the same results for
focusing on the oscillation of a drop released from the seca cutoff distance larger than 4r4A further comparison with
ond spherical harmonic shape. The calculations showed experimental argon dafd4] showed that a cutoff distance of
good agreement with the predictions of Prosperetti and T@pproximately 4 could reproduce the experimental data for
analysis within their application limits. The influence on the argon, including the values of surface tension. The results are
oscillation period and decay factor due to initial internal cir- expressed in dimensionless form using the standard reference
culations was investigated numerically by Mashayek andscales for a Lennard-Jones fluid as length scales as
Ashgriz[8] showing that it can result in a significant change energy scale, anaym/ ¢ as time scale, whema is the masp
in the characteristics of the drop oscillation. Recently We focus our attention on three different temperatures in
Pozrikidis [9] implemented a numerical method using a 3Dthis study:T(s/kg)=0.81, 0.9, and 0.97. The target tempera-
generalized vortex formulation. The accuracy of the resultsure is reached by rescaling the particle velocifit5s] every
obtained was dependent on the dominant droplet oscillatiog50 time steps. The system is equilibrated until the average
mode but was satisfactory overall. temperature is constarithis required up to 750 000 time
On the experimental side, Trinh and Wafit0] studied steps for the case Gf(e/kg)=0.97). The leap-frog algorithm
the large amplitude oscillations of quasineutrally buoyants used to integrate the equation of motion with a dimension-
silicon oil and carbon tetrachloride levitated in distilled wa- |ess time step of 0.005 during the equilibration. The time step
ter. They found that the frequency decreases with increasing halved during the droplet deformation-oscillation transient.
the square of the oscillation amplitude and, in an oscillatiorEach calculation required one—two months using a parallel
period, the prolate phase lasts longer than the oblate phasgigorithm that employs simple spatial domain decomposition
confirming the predictions of Tsamopoulos and Brdih A [16] on a 4 CPU DEC parallel machine.
study of the oscillation of a low-viscosity droplet in a micro-

gravity environment of a space shuttle flight was performed IIl. RESULTS

by Wang et al. [11]. The resulting frequency shift for the

second-mode oscillation was in agreement with the predic- A. Liquid-vapor interface

tions of the theory5] for A< 0.3. Azuma and Yoshihaifd 2] In nanoscopic droplets one must define a radius because

employed electrical excitation to obtain 3D, large amplitudene Jiquid-vapor interface is not sharply identified. It is com-
oscillations of a mercury drop. A relationship between dropmon to characterize the droplet size with the equimolar di-
oscillation modes and frequencies was found. Nonlinear iNYiding radiusR, as follows:

teraction of waves resulted in polyhedral oscillations.

The goal of the present work is to extend the previous _ Am_, T 4
findings for the second oscillation mode to nanoscales N_p'?RE’va(Ls_ ?Re> (6)
through the use of molecular dynami@dD), investigating )
whether the applicability of the continuous theories is stillwhereN is the total number of atomg, andp, are, respec-
valid for atomic clusters. Another important issue is that thetively, the liquid and vapor densities. The nonuniformity of
MD simulations are 3D, thereby providing a complete viewthe liquid-vapor interface is evident from observing the ra-
of the phenomena. In Sec. Il the numerical method is dedial density profile in Fig. 1 for all the studied cases. The
scribed. Section 11l reports the results for the liquid-vaporvalue of the density is constant within the liquid and the

interface, surface tension, and droplet oscillation. Concluv@por regions, while the interface region is characterized by
sions are presented in Sec. IV. a thin layer where the density profile is decreasing monotoni-

cally from the liquid to the vapor value. The reported curves
in Fig. 1 are relative to the equimolar dividing radius, so that
the three curves are intercepting in the same poifRR=aiR..
The studied argon nanodroplet consists of about 330 00The two asymptotic values of the densityinside the liquid
atoms interacting with the 12-6 Lennard-Jones pair potentiahndp, inside the vapor can be obtained by fitting the density

12 6 profiles with the formula:
@(r):%{(z) _<g> } ©) o
f r p(r) = %(m +py) - %(m - pv)erf[ Y RO)} @)

II. MD SIMULATIONS

The values for the parameters in E§) were chosen so as to

mimic the gas argofo=3.405 A ande=1.67-10%1J). The  whereD is a measure of the liquid-vapor interface thickness,

simulation domain is a cubic box of side=154.8r with R, is another path to estimate the droplet radius, defined as

periodic boundary conditions in all the three directions. the radius at which the corresponding density is the average
The value of the cutoff distance is set to.4This particu-  of the liquid-vapor asymptotic values. Numerically, is

lar choice was suggested by the results of Trokhymchuk andlose to the quantityr. defined in Eq.(6) (for the present
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LR Py e R TABLE I. Interface thickness due to capillary wavé,,) and
B LR R calculated via MD(D). The last two lines are the temperature os-
" 4 T(e/kg) cillation periodty and the damping constamtduring the compres-
i 4 -=--081 sion transient obtained by fitting the temperature profiles with Eq.
08 N T g:;, (14) for all the studied cases.
- T(e/kg) 081 09 097
2 04 D.\(0): Capillary waves theory, Eq9) 223 270 3.39
D(o): MD, Eq. (7) 2.87 334 4.38
Temperature oscillation peridql(a\fm_/s) 184 20 214
024 Temperature damping constartrym/¢) 885 74.8 61.3
r.
0.0 T T — S '-l‘-.-‘ === Dew= <277§2>1/2- 9
-40 20 0 20 . . .
R-R(0) Table | reports the values f@ obtained via MD with Eq(7)

and the analytical formulation with Eq9). The ratio be-
FIG. 1. Density profiles relative to the equimolar dividing radius yyween the thickness& evaluated analytically and via MD is
for the three different studied temperatures. around 0.77 for the three cases considered. A similar result
(value of 0.83 is reported by Bartel[19], where the predic-
calculations the discrepancy is less than)1%he two pa- tion of Eq. (9) was compared with other previously per-
rameterd andR, can also be obtained by fitting the density formed MD simulations of smaller droplefg1,27 (the hy-
profile. The choice to fit the density profiles with the error perbolic tangent function was used to fir the density profiles
function [Eq. (7)] rather than the usual hyperbolic tangent isin these referencgsThe fact that the above-mentioned ratio
supported by calculations of Sides, Grest, and Lacfk8e is smaller than unity is knowf23]. There are two contribu-
stating a better prediction of the interface thickness, as wellions to the liquid-vapor interface thickness: an intrinsic con-
as by the work of Toxvaerd and Stecki8]. Herein it is tribution due to the atomic structure of the fluid and a con-
verified that the error in the fit of the density profile is tribution of the thermally excited capillary waves that
smaller by around 10% compared to the fit performed withbecome more important with increasing the total surface
the hyperbolic tangent function. The prediction of interfacearea. The total mean square displacement can be written as
thickness with the error function fit is by 5% larger comparedthe sum of the intrinsic and capillary wave contribution:
to the hyperbolic tangent fit. ) 5 )
The thickness of the interface can be mostly explained by (%) =& +{Lew (10

the presence of capillary waves excited by thermal energyang it can be calculated defining it as the variance of the

Capillary waves are nothing more than an expression of th@eriyative of the density profilé7), leading to the expression
internal Brownian motion that is randomly deforming the [17):

spherical shape of the droplet. This phenomenon is more

evident in nanodroplets, because the amplitude of capillary (%) =D?2m. (11
T e e Pt 0. T 1o comparson i te experimentl precictons for e pi
analytically as a function of thpe mgan—square displacemenrt]ar !nterface thickne;@ and D, for argon[2f1] is reF"?T‘ed
(&, of the radius. A simplified theory for estimating?,) in Fig. 2 as a function of 1F/T. whereT, is the critical

temperature, showing good agreement. DiscrepanciBg,jn
was proposed by BartellL9). He fqund that the mean square .o probably due to the different choice of the upper surface
displacement from the mean radius due to capillary waves

L . - =2 Wave cutoff.
modes of energkgT, assuming it follows a Gaussian distri-
bution, can be expressed as follows:
B. Surface tension
(G =22 (kaTl2TY ) (8) The surface tension of a droplet can be evaluated using

bom the well-known Laplace formula:
whereKg is the Boltzmann constanit,,, is the integral over Ap-R
the surface harmonia@ detailed formulation can be found Y= 5 (12)

in [19,20), m=1-2n (n is an integer including zejpand| 2
=2,3,... Jmax An estimation ofl,, is obtained from the whereAp is the difference between the pressure in the liquid
number of molecules in the periphery of a spherical clustep, and the pressure in the vapgy phase, andR is the radius
N=27{(3N/4m)3-1/2] and can be assumed of the order of the droplet. In the present work, it will be assumed that
of magnitude ofN./2. Equation(8) shows that the mean the cluster is large enough to neglect the curvature effects
displacement is larger at higher temperatures. Finally th@and we will consider in Eg(12) R=R.. This assumption is
thickness of the interface can be expresse{il8k supported by the recent MD simulations of Bardoenial.
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FIG. 2. Interface thicknes® andD.,. Open symbols: present k)

work. Lines and closed symbols: experimefgs]. FIG. 3. Dimensionless pressure profiles in the radial direction

) for three different temperatures. K=Kinetic component, IF
[25] conducted on smaller cluste$<R,<10) showing =internal Forces component.

that, within the error limit, the surface tension seems to be

curvature independent. The normal pressure profile is evalyznsion of the cas@(s/kg)=0.97 (the difference is around

ated using the algorithm of Thomsen al. [22] to solve the 39 This is probably due to a nonperfect thermal equilib-
spherical extension of Irving-Kirkwood’s formula: rium despite the long-time calculation required.

1
47

pn(r) = ke Tp(r) — rzE fi (13) C. Droplet oscillation
k

In order to study the oscillation behavior of the droplet
wheref, is the normal component of forces acting across after the thermal equilibrium was reached, an impulsively
control surface between a pair of atoms. The first term in thémposed linear velocity fieldv,=2\e/ma (a=y,z), is ap-
right-hand side of Eq.13) represents the kinetic contribution plied to each molecule of coordinatesy, andz inside the
(KP) to the total pressure while the second is the contribuliquid region to obtain an initially ellipsoid shape. Subse-
tion due to internal forcedlF). In Fig. 3 the two components quently, the drop is allowed to oscillate freely. The tempera-
IF andKP are shown for the three temperatures examinedture increase due to this energy input into the system can be
The pressure differencap in Eq. (12) is not obtained di- considered negligiblgless than 1% so that it will be as-
rectly from Eq.(13), but by adding the asymptotic values of sumed that the thermodynamic parameters are the same as
IF and KP (Fig. 3) inside liquid and vapor where the re- that of the equilibrated droplet.
quired relative standard deviation was less than 0.5% in or- Figure 4 depicts the atomic positions inside the liquid
der to minimize the error due to the compensation of the twaegion during the oscillation in four different time steps for
terms in the right-hand side of E¢L3). the casel(e/kg)=0.9. The first picture reports the maximum

Table Il summarizes the values calculated for the densitiedeformation of the droplet along thedirection. This instant
p and p,, surface tensiony, pressure®, and p,, and the will be considered as the initial stage of the temporal evolu-
equimolar dividing radiu, for the three cases studied. The tion. The maximum deformation along thez direction is
corresponding experimental values@f p,, andy for argon  very small and difficult to capturéhird picture. Finally, a
are also reported for comparison. The MD simulation resultspherical shape is reachddurth picturg with no other vis-
predict well the experimental values except for the surfaceble oscillations.

TABLE Il. MD calculation and argon experimental valugs4]. Comparison for liquid/vapor densitigs, p, and pressure®,. P,;
equimolar radiusx; and surface tensiom.

T(e/kg) po(079) pi(07) el o?) Pi(e/o™3) Py(e/07) Re(0)

0.81 0.008 0.794 0.70 — — — Experimen{di]
0.81 0.010 0.781 0.67 3.832 7.%-3 44.85 Present work
0.9 0.017 0.749 0.52 — — — Experimen{d4]
0.9 0.020 0.737 0.51 3.852 1.6e-2 43.87 Present work
0.97 0.030 0.709 0.39 — — — Experimen{ai]
0.97 0.033 0.698 0.36 4.882 2.68-2 41.89 Present work
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FIG. 4. Particle location inside the liquid region at four different

time steps for the casB(e/kg)=0.9, time inoVm/e units. FIG. 5. Density field in a cross section in the middle plane

) i during deformation.
To evaluate the magnitude of the droplet deformation, the

Comp”ta“on"?" domam Is divided Into 3030 30 bins, and calculated by fitting the MD results with the function

a first-order interpolation scheme is used to convert the La-

grangian description of the atom simulation to an Eulerian- 2

- . . — inl =2 —t/7

type iso-surface of density. Subsequently, a least-squares in- Tt =To S'”( Lt ¢)e +Ta (14)

terpolation was used to fit the particles inside regions with a T

density p(R.) £0.01p(Ry), (i.e., within a small range of den- whereTj is the initial oscillation temperature amplitudg,,

sity corresponding to that of the equimolar radius in thethe average temperature, agdthe phase. Results are re-

equilibrated configuration onto an ellipsoid, in order to ported in the last two lines of Table | for all cases studied. It

evaluate the three axes b, andc of the deformed droplet. appears that both parameters are practically linear functions

This procedure gave the same qualitative results obtained Byf the temperature.

evaluating the gyration radius along the three axis defined as: For the present study, the Reynolds number, which is a

R,=1/N=N, o?, wherea=x,y,z. measure of the relative effect of viscosity compared to iner-

Figure 5 shows a typical density field in a cross section irfia, is 2.17<Re<2.52. The values of were set equal to the

the middle plane during the deformation. Due to the interpoexperimental argon valugd4]. If the nonlinearities due to

lation technique and the large number of atoms in each celRscillation amplitude and viscosity are small, the second

a good spatial definition is achieved without time averagingmode oscillation amplitude can be approximaféc2€ as

The time behavior ofi/b, is depicted in Fig. 6 for the follows:

caseT(e/kg)=0.81. As observed before, only one oscillation

period can be seen; further oscillations are damped by vis- Y T T T T T

cosity and become indistinguishable from the noise due to | *A’

capillary waves. Moreover, when the oscillation amplitude is %

comparable with the amplitude of capillary waves, the as- kY
1
3

sumption of an ellipsoid shape is not anymore realistic. 131
During the first deformation transiefriegative time with

respect to the curve reported in Fig, he mean temperature \

o . . 1.2 7
of the system exhibits also a harmonic damped behaviot \
(Fig. 7). The period and the dumping constant are small com- kY
pared to those reported below for the droplet oscillation. This 1.1} \ -
fluctuation is probably caused by the externally imposed ve- hY
locity field that is perturbing the initially equilibrated con-
figuration decreasing the distances among the atoms. Thi
event is leading to a harmonic damped oscillation of the o 20 200 o ps 100
potential and kinetic energyhe total energy of the system is o)D)
constan), hence the temperature that is persisting until the
droplet reaches its maximum deformation. The petiodnd FIG. 6. Ratio between the two interpolated ellipsoid axes during
the damping constant of the temperature oscillation are the droplet oscillation for the cas&e/kg)=0.8.

10
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FIG. 7. Time behavior of the system temperature during the o ] o
deformation transient for the cadée/kg)=0.9. FIG. 8. Oscillation amplitude MD and fit with Eq$15) and
(16).
. b, \? - . .
&) =Asin) w, 1-{—=| +aPA?|t+ @[+ BA2 that the fitting procedure is not entirely accurate due to the
w3 fact that only one oscillation is visible before the droplet

(15) becomes practically a sphere and for the higher temperature
case the amplitude fluctuations due to capillary waves are

where « accounts for the oscillation amplitude influence on large. The values obtained f@r are in the same range with
the frequency,8 for the asymmetry of the oscillation be- h5se found by Beckeet al. [6]

tween the prolatg and the ol_)Iat_e deformation, anfdr the A direct comparison of the damping constémtwith the
phase. The amplitude damping is evaluated as corresponding value of E¢3) cannot be made because this
At) = A, exp(— byt). (16) equation uses the shear viscosity, neglecting the effects of the

bulk viscosity. However, it is of interest to report that, pos-
The oscillation amplitudes of all cases were fitted with Egssibly due to this viscosity inconsistency, the computed values
(15) and(16) using as fitting parameter, a, B, ¢, by, and  for b, (reported in Table Il are approximately 30% smaller
w, (Fig. 8. The initial droplet deformation®,=a/R-1  than theb, values obtained from E@3). This underlines the
achieved after the compression phase are 0.29, 0.34, amghportance of bulk viscosity contribution in a compression
0.34 for the temperatureB(e/kg)=0.81, 0.9, and 0.97, re- and volume change process like the one we are studying
spectively. here.

The resulting values ab,, b,, anda are reported in Table

[Il in dimensionless units. The values af, obtained from
Eq. (1) are also reported for comparison. The asymptotic
frequencies(w,) obtained by Eqgs(15 and (16) are quite The oscillatory behavior and related thermophysical prop-
close to that predicted by Rayleigh’s linear analy#ii® larg-  erties of nanodroplets were studied using molecular dynam-
est difference is approximately 8% fdi(e/kg)=0.9]. The ics simulations. Using a proper cutoff distance it was pos-
parametera is ranging from -0.32 to -2.6. The latter sible to obtain the experimental values of density and surface
value, corresponding to the cabe:/kg)=0.97, is quite large tension for argon with a good approximation. The surface
and denotes a marked decrease in the oscillation frequendliickness due to capillary waves based on continuum theory
with the oscillation amplitude(Becker, Hilla, and Kow- was quantified to be around 86% of the total surface thick-
alewski [6] obtained with continuum theory —-06a< ness evaluated via MD. A linear interpolation scheme was
-0.9 for a droplet that had a maximum initial deformation used to obtain a Lagrangian formulation of the system in
A=0.65 and Re>1) so that the observed oscillation is quite order to calculate the oscillation amplitude of the droplet.
close to that of the cas&(e/kg)=0.9. It has to be stressed Although due to the viscosity effects only one oscillation

IV. CONCLUSIONS

TABLE IIl. Fitting parameters of Eqs(15) and (16) describing the droplet oscillation behavior for the
three studied temperatures.

T(e/kg) wy (o/m/e)™t MD w, (Vmle) ™t Eq. (1) a B b, (om/e)™2
0.81 0.0090 0.0088 -0.91 0.32 0.0050
0.9 0.0075 0.0082 -0.32 0.32 0.0039
0.97 0.0077 0.0074 -2.72 0.29 0.0040
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period is visible, typical phenomena that are described iroscillation behavior of nanodroplets, although quantitative
previous works both experimental and numerical/theoreticatlifferences exist.

based on continuum theory, were observed. The frequency of

the oscillation decreases for the finite oscillation amplitude

and the prolate phase lasts longer than the oblate. The values
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